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Effects of Dynamic Stall on Propulsive Ef� ciency
and Thrust of Flapping Airfoil
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Numerical simulations of dynamic stall phenomena around an airfoil oscillating in a coupled mode, in which
the pitching and heaving oscillations have some phase difference, have been performed with a Navier–Stokes code.
The propulsive ef� ciency and the thrust have been calculated for various combinations of the phase difference
and the reduced frequency for two different amplitude ratios. The effects of the dynamic stall phenomena on
the behaviors of the propulsive ef� ciency and thrust are discussed in detail by examination of each � ow pattern
obtained. Highest ef� ciency has been observed for the case in which the pitching oscillation advances 90 deg
ahead of the heaving oscillation and the reduced frequency is at some optimum value, for which there appears no
appreciable � ow separation in spite of large-amplitudeoscillations. For phase angles and reduced frequency other
than this best condition, ef� ciency is rapidly degraded by the occurrence of the large-scale leading-edgeseparation.

Nomenclature
a = dimensionless axis of pitch
b = semichord length
C = chord length
C p = pressure coef� cient [.p ¡ p1/=.1=2½U 2/]
CT = thrust coef� cient [Eq. (9)]
c = propagation velocity of wave
f .x; t/ = dimensionless displacementof airfoil
h = dimensionless displacementof heaving oscillation
h0 = dimensionless amplitude of heaving oscillation
k = reduced frequency .b!=U /
M = freestream Mach number
p = pressure
Re = Reynolds number .U C=º/
T = time
NT = mean thrust
t = dimensionless time [T .U=b/]
U = freestream velocity
NW = mean work rate

x; y = Cartesian coordinates, nondimensionalized
by semichord

® = angular displacement
®0 = amplitude of pitching oscillation
³ = dimensionless vorticity [³ D .@º=@x ¡ @u=@y/=2]
´ p = propulsive ef� ciency [Eq. (8)]
º = kinematic viscosity
½ = air density
¿ = kt (reduced frequency£ dimensionless time)
Á = phase advance angle of pitching oscillation ahead

of heaving oscillation
! = circular frequency

Subscript

1 = freestream quantity
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Introduction

M ANY experimental and theoretical studies have been
conducted1 on the generation of propulsive force by the

� apping motions of a wing. If we con� ne our attention to a two-
dimensional � apping airfoil, the following works are notable. The
classical works of Garrick,2 Lighthill,3 and Wu4 are all based on
� at-plate potential-�ow theory. Later, Faigrieve and Delaurier5 de-
veloped a � at-plate potential-�ow theory, which can treat large-
amplitude oscillations. Platzer et al.6 and Jones and Platzer7 devel-
oped a panel method that can take into account the airfoil thickness
effects. Although these potential theories have contributed consid-
erably to the understanding of the mechanism of thrust generation
of a � apping airfoil, the results obtained do not necessarily explain
many features, especially when the amplitudes of the pitching and
heaving oscillationsare large, which is the common feature of bird
� ight. For example, the effective angle of attack of the � apping air-
foil easily reaches to the static-stallingangle and even goes beyond
that angle to several tens of degrees, depending on the reduced fre-
quency.Therefore it is indispensableto take into account the effects
of dynamicstallphenomenafor estimatingpropulsiveef� ciencyand
thrust of a � apping airfoil. The importance of such analysis is also
pointed out by Delaurier8 and Fairgrieve and Delaurier.5 Recently
Tuncer and Platzer9 conducted a numerical study on the viscous
and nonlinear effects on the thrust and propulsive ef� ciency of an
airfoil oscillating in pure plunging mode by using a Navier–Stokes
code. They obtained the results that, at low reduced frequency and
amplitude � apping motions, the viscous and the nonlinear effects
dominatethe averagethrustand reduce thepropulsiveef� ciencysig-
ni� cantly. As is well known, however, the � apping motion of bird
� ight is a coupledpitchingand heavingoscillationwith some phase
difference between them. Therefore it is quite interesting to see the
viscous effects (especially the effects of dynamic stall phenomena)
on thrust and propulsive ef� ciency for various combinations of the
reduced frequency, the phase difference between the pitching and
heaving oscillations, and the amplitude ratio between them.

The purpose of this paper is to clarify the effects of dynamic stall
phenomena on the propulsive ef� ciency and the thrust of an air-
foil oscillating in a coupled pitching and heaving mode for various
combinations of reduced frequency, phase difference, and ampli-
tude ratio between them. For this purpose, the numerical simulation
technique of using a Navier–Stokes code is used.

Numerical Method and Code Validation
The computer code10 used for the present study, which has been

developedbyoneof thepresentauthors,is basedon thecompressible
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Navier–Stokes equations. The � nite difference scheme used is the
Yee–Harten total variation diminishing (TVD) scheme.11 In most
of the calculations, Re is assumed to be of the order of 105 and
a Baldwin and Lomax12 algebraic turbulence model is used. Sev-
eral computations in which laminar � ow is assumed are also per-
formed for comparisonwith the turbulencecase.The C-type grid of
280 £ 80 (200 points on the airfoil) points is used, and a freestream
boundary condition is prescribed at the far-� eld boundary, which
is located 10 chords away from the airfoil. The no-slip boundary
condition is given on the airfoil surface. The law of the wall coor-
dinate yC1 of the grid points next to the airfoil surface is 1:0. All
computations are performed at M D 0:30. The periodic solutions
are usually obtained after two to four cycles of oscillation.The con-
vergence is con� rmed by the fact that the differences of propulsive
ef� ciencies and thrust coef� cients obtained for the � nal two cycles
of oscillation are less than 1%.

The capability of the present code for calculating unsteady vis-
cous � ows around an oscillating airfoil is extensively examined in
Ref. 10. Another example, which demonstrates the capability of the
present code for calculating dynamic stall phenomena, is shown in
Fig. 1. In Fig. 1, the behavior of the dynamic stall vortex on the
NACA0012 airfoil oscillating in pitch, which is simulated by the
present code, is compared with the schlieren pictures obtained by
Chandrasekhara and Carr13 in their � ow visualization study. The
airfoil is oscillated in pitch about the quarter-chord axis at a mean
angle of attack of 10 deg with an amplitude of §10 deg. M is 0.30,
Re is 1:0 £ 105, and k is 0.10. The Baldwin and Lomax algebraic
turbulencemodel12 is used in the computation.As seen from Fig. 1
(isodensity contours are plotted for the computed results), the dy-
namic stall vortex observed in the experiment is well captured by
the present code in the qualitative sense. However, some quanti-
tative discrepancy can be seen in the propagation velocity of the
dynamic stall vortex, that is, the propagation velocity of the dy-
namic stall vortex in the experiment is approximately 30% of the
freestreamvelocity, and that obtained by the present computation is

Fig. 1 Comparison of computed and experimental � ow patterns
around NACA0012 airfoil oscillating in pitch (M = 0:30, Re = 1:0 £ £ 105,
k = 0:10, ® = 10 deg + 10 deg sin kt).

approximately 20% of the freestream velocity. The reason for this
discrepancy is not known, but it might be attributed to the inade-
quacy of the Baldwin and Lomax model. Further investigation on
this point is needed. Although some quantitative discrepancy is ob-
served between the computation and the experiment, it seems still
to be of some importance to investigate qualitatively the effects of
the dynamic stall phenomena on the thrust generation of a � apping
airfoil. For this purpose the present code seems to have enough ca-
pability.The reliabilityof the present code for calculating the thrust
and propulsive ef� ciency is examined in the following sections by
comparisonof the present resultswith other existingresults,namely,
Lighthill’s � at-plate potential-�ow theory3 and the Navier–Stokes
computations by Tuncer et al.14 and Tuncer and Platzer.15

De� nition of Airfoil Motion
In Fig. 2, the airfoilmotion is de� ned, where h is thedisplacement

of the pitch axis located at x D a and ® is the angular displacement.
All of the physical quantities are nondimensionalizedby the semi-
chord b and the freestream velocity U . The airfoil section used in
the presentstudy is NACA0012. In the presentstudy, the mean angle
of attack is assumed to be zero, that is, the mean lift and pitching
moments are zero. The focus is on the computations of only mean
thrust and propulsiveef� ciency.Thereforeh and ® can be expressed
as

h D h0 sin kt (1)

® D ®0 sin.kt C Á/ (2)

From Eqs. (1) and (2), the displacement of an arbitrary point x of
the mean surface of the airfoil in the y direction at time t can be
expressed as

f .x; t/ D A2 C B2 sin.kt ¡ Ã/ .3/

where

A D h0 ¡ .x ¡ a/®0 cosÁ; B D .x ¡ a/®0 sin Á
(4)

Ã D tan¡1.B=A/

Equation (3) can be expressed approximately as

f .x; t/ D A2 C B2 sin kt ¡ dÃ

dx
x .5/

where .dÃ=dx/ is the mean value of .dÃ=dx/ over the airfoil chord.
It can be identi� ed from Eq. (5) that the coupled motion expressed
by Eq. (3) produces wave motion propagating in the x direction.
It is clear that the origin of this wave motion can be attributed to
the coupled heaving and pitching oscillations with a � nite phase
difference.When we de� ne the propagationvelocity of the wave as
c, c=U can be given by

c

U
D k

dÃ

dx
.6/

from Eq. (5).

Fig. 2 De� nition of airfoil motion.
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Fig. 3 Behavior of kcr .

Bschorr16 has pointedout, from the discussionbasedon the quasi-
steady inviscid � ow assumptions, that if c=U > 1 then propulsive
force or thrust is produced and if c=U < 1 then � utter may occur or
drag force is produced. When we denote kcr as the critical reduced
frequency,which gives c=U D 1, kcr is given by

kcr D dÃ

dx
.7/

which is a function of a, ®0=h0, and Á.
This argument, which is based on the inviscid and quasi-steady

� ow assumptions, must be modi� ed by the unsteady and dynamic
stall effects. However, the behavior of kcr given by Eq. (7) is still
useful to select the parameters such as k; Á; h0, and ®0 for which
the numerical simulations are to be performed. For this reason, the
behavior of kcr on the k ¡ Á plane is plotted in Fig. 3 for the two
different amplitude ratios, namely,

case A; h0 D 1:0; ®0 D 20 deg; a D 0

case B; h0 D 2:0; ®0 D 10 deg; a D 0

As seen from Fig. 3, kcr depends strongly on the amplitude ratio
and phase difference.The present numerical simulations have been
performed for various combinations of k and Á for each of these
two cases.

Before we present the results of the numerical simulations, the
de� nitions of propulsiveef� ciency ´p and the thrust coef� cient CT

need to be given.3 The propulsive ef� ciency ´p is de� ned by

´p D . NT U /= NW .8/

where NT is the mean thrust duringone cycle of airfoil oscillationand
NW is the mean rate at which the airfoil motion does work against

the surrounding � uid during one cycle of oscillation. The thrust
coef� cient CT is de� ned as

CT D
NT

1
2 ½U 2.kh0/

2.2b/
.9/

NT in Eqs. (8) and (9) can be given by

NT D ¡ 1

2¼

2¼

0

1

2
½U 2b C p

dy

dx
C fx x» d» d¿ .10/

where y D y.x/ gives the airfoil contour, fx is the x derivativeof f
given by Eq. (3), » is the independentvariable takenalong the airfoil
contour in the computational domain,10 and means the integral
around the airfoil contour. As seen from Eq. (10), the friction drag
is not taken into account in the present study.

NW in Eq. (8) can be calculated by

NW D
U

2¼

2¼

0

1

2
½U 2b Cp ft x» d» d¿ .11/

where ft is the t derivative of f given by Eq. (3).

Results and Discussion
As mentioned in the preceding section, the present numerical

simulationshave been performed for various combinationsof k and
Á for each of the two different amplitude ratios ®0=h0 , that is, case
A (h0 D 1:0, ®0 D 20 deg, a D 0) and case B (h0 D 2:0, ® D 10 deg,
a D 0).

a) Case A (h0 D 1:0, ®0 D 20 deg, a D 0). In Fig. 4, the points
on the k–Á plane for which the numerical simulations have been
done are indicated by the symbols , , , and , together with the
behavior of kcr discussed in the preceding section. The symbols
and denote when thrust is computed,whereas the symbols and
denote when the drag force is computed.The tailed symbols and
mean that the large-scaleleading-edgeseparationvortex is observed
in the � ow pattern.The number shown in the parenthesesjust under
the symbols and is the propulsive ef� ciency obtained.

As seen fromFig. 4, the highestef� ciencyof´p D 0:72 is obtained
for Á D 90 deg and k D 0:50, for which the � ow pattern (isovorticity
contour ³ ) is shown in Fig. 5. As seen in Fig. 5, no appreciable� ow
separation is observed for this case. (We have examined the instan-
taneous isovorticity contour plot at every phase of the oscillation
cycle, observing no indication of appreciable � ow separation.)

When the combination of k and Á deviates from this best condi-
tion, however, the propulsive ef� ciency decreases rapidly, as seen
in Fig. 4. It is obvious that the occurrence of the dynamic stall phe-
nomena is partly responsible for this, as evidenced by Fig. 4. In
fact, at many points in the k–Á plane, the large-scale leading-edge
separation vortex is observed in the � ow pattern. For example, the
typical � ow patternsobtained at k D 0:50 and 1.0 for Á D 30 deg are
shown in Fig. 6, where ´p D 0:01 for k D 0:50 and the drag force is
obtained for k D 1:0.

The typical � ow patterns obtained for Á D 60 deg at k D 0:50 and
1.0 are shown in Figs. 7a and 7b, respectively.In this case, no large-
scale separationis observedfor k D 0:50, but the large-scaleleading-
edge separation vortex is observed for k D 1:0. It should be noted,
however, that for k D 1:0 thrust is still produced in spite of the large-
scale separation [although the propulsive ef� ciency (´p D 0:27) is
not so high].

Why is the behaviorof the dynamicstall phenomenaso dependent
on the combinationsof k and Á? To understandthis, it is quite useful

Fig. 4 Results of numerical simulation (case A; h0 = 1:0, ® = 20 deg,
a = 0).

Fig. 5 Isovorticity contour (Á = 90 deg).
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a) k = 0:50

b) k = 1:0

Fig. 6 Isovorticity contour (Á = 30 deg).

a) k = 0:50

b) k = 1:0

Fig. 7 Isovorticity contour (Á = 60 deg).

to examine the behavior of the effective angle of attack induced by
the coupled pitching and heaving oscillations.With the assumption
of a quasi-steady � ow, the effective angle of attack induced by the
coupled pitching and heaving oscillations is given by

®e D tan¡1 ¡
dh

dt
C ® .12/

Substituting Eqs. (1) and (2) into Eq. (12), we obtain

®e D tan¡1.¡kh0 cos kt/ C ®0 sin.kt C Á/ .13/

It is easy to calculate the maximum value of ®e , namely j®e jmax,
from Eq. (13). In Fig. 8, the behavior of j®ejmax is plotted against k
with Á as a parameter. The points for which the present numerical
simulations are performed are also plotted by the symbols , , ,
and , whose meanings are the same as those of Fig. 4. In additionto
this, the curve indicating the condition of c=U D 1:0 is also shown
by the dottedcurve.As seen from Fig. 8, the effectiveangleof attack
for Á D 90 deg always gives the lowest values compared with the
other values of Á throughout the range of the reduced frequency.
On the other hand, the effective angle of attack for Á D 30 and 150
deg reaches relatively high values of 20–40 deg for k D 0:40–1:0,
experiencinga large-scale leading-edge separation.

In Fig. 9, the behavior of the propulsive ef� ciency ´p with re-
spect to Á is plotted with k as a parameter. The ef� ciency is rapidly

Fig. 8 Behavior of effective angle of attack (case A).

Fig. 9 Propulsive ef� ciency (case A).

degraded as Á differs from 90 deg. It is clear that the dynamic stall
phenomenon is responsible for the considerablepart of these trends
of ´p .

In Fig. 10, the thrust coef� cient CT is plotted with respect to the
phase angle Á. For k D 1:0 the maximum value of CT is obtained
near Á D 120 deg rather than 90 deg.

In Figs. 11 and 12, the behaviorsof ´ p and CT , respectively,with
respect to k for Á D 90 deg are plotted and compared with those
predicted by Lighthill’s � at-plate potential theory.3 The results ob-
tained by assuming an inviscid � ow (Euler code results) and those
obtained by assuming a laminar � ow are also plotted, respectively,
for comparison with those obtainedwith the turbulencemodel. The
differences between the inviscid � ow results and those of the � at-
plate potential theory might be attributed to the effects of the airfoil
thickness and the � nite amplitude of the oscillation. It can be seen
that viscous effects reduce both the propulsive ef� ciency and the
thrust coef� cient. It is also interesting to see that the almost identi-
cal values of ´ p and CT are predicted whether we assume laminar
� ow or turbulent � ow for this particular case. This is quite different
from the phenomena observed in the usual steady or quasisteady
� ows. It is conjectured that, as concerns propulsive ef� ciency and
thrust coef� cients, the difference between laminar � ow and turbu-
lent � ow becomessmall at thosehigh reduced frequencies.It should
be noted that no appreciable � ow separation has been observed for
k D 0:50 and 0.70 for both laminar and turbulent � ows. For k D 1:0,
the dynamic stall vortices appear for both the laminar and the turbu-
lent cases, as shown in Fig. 13. However, the � ow patterns for both
cases are quite similar to each other, although there seems to be
some small difference in the detailed � ow structureswithin the vor-
tex. These observations might explain the results, although further
investigation is needed to clarify this phenomenon.
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Fig. 10 Thrust coef� cient (case A).

Fig. 11 Comparison of propulsive ef� ciency with � at-plate potential
theory: NS, Navier–Stokes.

Fig. 12 Comparison of thrust coef� cient with � at-plate potential
theory.

Laminar

Turbulent

Fig. 13 Isovorticity contour (Á = 90 deg, k = 1:0).

Fig. 14 Results of numerical simulation (case B; h0 = 2:0, ® = 10 deg,
a = 0).

b) Case B (h0 D 2:0, ®0 D 10 deg, a D 0). In Fig. 14, the points
on the k–Á plane for which the numerical simulations have been
done are shown by the symbols and . The behavior of kcr as
discussed in the preceding section is also plotted. The meanings of
each symbol are the same as those of case A. The highest ef� ciency
(´p D 0:80) is obtained for Á D 90 deg and k D 0:15. Again, ef� -
ciency is rapidly degraded as k increases and Á differs from 90 deg.
The typical � ow patterns obtained at k D 0:15, 0.30, and 0.50 for
Á D 90 deg are shown in Figs. 15a, 15b, and 15c, respectively. No
large-scale separation is observed for k D 0:15, but the large-scale
leading-edge separation vortex is observed for k D 0:30 and 0.50.
This is attributedto the largeeffectiveangleof attack(approximately
20–35 deg) induced by the large-amplitude heaving oscillation at
large values of k. This can be seen in Fig. 16, in which the behaviors
of the effective angle of attack j®ejmax are plotted against k together
with the points for which the present numerical simulations have
been performed. As seen from the � gure, the large-scale leading-
edge separation is observed at all the points where j®e jmax ¸ 15–

20 deg.
In Figs. 17 and 18, ´p and CT , respectively, are plotted against

Á with k as a parameter. The results obtained by Tuncer et al.14

are also plotted for comparison. They also used a Navier–Stokes
code with the Baldwin and Lomax turbulence model. Although the
agreementsbetween the two computationsare fairlygood forÁ ¸ 60
deg, the large quantitative discrepancies are seen in both ´p and
CT for Á D 30 deg. For Á D 30 deg the severe leading-edge � ow
separations have been observed in our computations for all of the
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a) k = 0:15

b) k = 0:30

c) k = 0:50
Fig. 15 Isovorticity contour (Á = 90 deg).

Fig. 16 Behavior of effective angle of attack (case B).

Fig. 17 Propulsive ef� ciency (case B).

Fig. 18 Thrust coef� cient (case B).

reducedfrequenciescomputed,whereasno � ow separationhas been
observed for k D 0:15 in the computations by Tuncer and Platzer.15

However, the reason for these discrepanciesis not known and needs
further investigation.

It is interestingto see in Fig. 18 that the highestCT is obtained for
k D 0:15 and Á D 60 deg. This is a different trend from that of case
A, for which the highestCT is obtained for k D 1:0 and Á D 120 deg.
It is clear that the low values of CT and poor ef� ciency obtained for
k D 0:50 can be attributed to the occurrence of large-scale leading-
edge separation.

Conclusion
Numerical simulations of the dynamic stall phenomena around

an airfoil oscillating in a coupled mode, in which the pitching and
heaving oscillations have some phase differences, have been per-
formed with a Navier–Stokes code. The propulsive ef� ciency and
thrust have been calculated for various combinations of the phase
difference and the reduced frequency for two different amplitude
ratios. The effects of the dynamic stall phenomena on the behaviors
of the propulsive ef� ciency and thrust are discussed in detail by
examination of each � ow pattern obtained. The highest ef� ciency
has been observed for the case in which the pitching oscillation
advances 90 deg ahead of the heaving oscillation and the reduced
frequency is at some optimum value for which no appreciable � ow
separation appears, in spite of the large-amplitudeoscillations. For
phase angles and reduced frequency other than this best condition,
ef� ciency is rapidly degraded by the occurrence of the large-scale
leading-edgeseparation.
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